INVARIANT MEASURES FOR ERGODIC SEMIGROUPS OF OPERATORS RYOTARO SATO
In this paper the invariant measure problem is investigated for ergodic semigroups (in the sense of Eberlein) of positive linear operators on the Lrspace of a probability measure space. Various results in operator ergodic theory are generalized and extended to give a unified approach to the problem. The main step in this approach is the following result: There exists a positive linear functional φ on the space B(A) of all bounded real valued functions on a directed set A such that lim inf ξ(a) <; φ(ξ) <: lim sup ξ (ά) aeΛ oceΛ for all ζeB(A). Let (X, 3ft, m) be a probability measure space and let L P (X) -L P (X> 3ft, m), 1 <Ξ p <Ξ oo 9 be the Banach spaces defined as usual with respect to (X, 3ft, m). For a set A 6 3ft, 1 A denotes the indicator function of A and L P (A) denotes the Banach space of all L P {X)-functions that vanish a.e. on X -A. If / e L P {X), we define supp / to be the set of all x in X at which f(x) Φ 0. Relations introduced below are assumed to hold modulo sets of m-measure zero.
Let Σ = {T} be a semigroup of positive linear operators on L t (X) . A function / e L X {X) is called Σ-fixed if Tf = f for every TeΣ. The problem of finding necessary and sufficient conditions for the existence of a J-fixed f 0 e L^X), with f 0 > 0 a.e. on X, has been studied by many authors (see, for example, [4] , [5] , [8] , [9] , [11] , [12] , [13] , [14] , [17] , [18] , [21] , [22] , [23] , [24] , [25] , [27] , and others). In the present paper we intend to investigate the problem for ergodic semigroups Σ in the sense of Eberlein, and generalize and extend various known results to give a unified approach to the problem.
For / e L 1 (X) f we denote by co Σf the closed convex hull of the set {Tf: TeΣ}.
Σ is said to be left [resp. right] ergodic if there exists a net (Γ α , a e A) of positive linear operators on L t (X) satisfying (a) limsup α ||Γ α || < oo, ( b) for every / e L t (X) and every a e A, TJ e co Σf, (c) for every T e Σ, lim α TT a -T a T = 0 [resp. lim α T a -T a = 0], where the convergence can be either in the uniform, strong, or weak operator topology. (Cf. Eberlein [7] and Day [3] .) The above net (Γ α , a e A) is said to be left [resp. right] Σ-ergodic. If (T a , aeA) is 174 RYOTATO SATO both left and right I'-ergodic, then it is said, simply, to be Σ-ergodic. If Σ has a J-ergodic net, then Σ is said to be ergodic.
In [3] ).
In the third section we investigate the problem for weakly or uniformly ergodic semigroups Σ and obtain two theorems, one of which states that if (T a , aeA) is a uniformly I'-ergodic net, then there exists a I'-ίixed / 0 e L λ (X) This is a generalization of a result due to Derriennic and Lin [5] , who considered only the case sup w2M ||^(T)|| < oo.
2* Invariant measures for left ergodic semigroups* In this section we investigate the invariant measure problem for weakly left ergodic semigroups Σ = {T} of positive linear operators on L^X). First of all we shall prove the following lemma, which is fundamental throughout the paper. 
(Λ). It is clear that φ satisfies (1) for all ζ e B(Λ).
For a directed set Λ, let GL (Λ) denote the set of all φeB(Λ)* that satisfy (1) for all ξ eB(Λ). Since GL(Λ) is not empty by the above lemma, we can define a functional A on B(Λ) by the relation:
It follows from a slight modification of the proof of Lemma 1 that if A is a countable directed set, then
(Λ) .
From now on let us always assume that Σ -{T} is a fixed semigroup of positive linear operators on L X {X). The boundedness of Σ is not assumed, unless the contrary is explicitly specified. 
Then lim^oo ||/ 0 -Λ Λ ||i = 0, and since / 0 > 0 a.e. on X, it follows that, for any A e 9ft with m(A) > 0,
and that
Therefore, for a sufficiently large n 9 we have To see that λ is equivalent to m, we note that (i) implies μ(A) > 0 for any A e 9K with m(A) > 0. Hence it follows from Lemma 1 of [18] that μ 0 is equivalent to m, and therefore g > 0 a.e. on X. Putting, for each positive integer n, g n (x) = min {1, ng(x)} (x e X), we then obtain lim n^ || 1 -g n \\ x = 0. Let A e Wl with m{A) > 0 be given, and choose an ε > 0 and an a 0 e A so that a 0 ^ β and I T a ldm > ε for all a ^ a 0 . (
ii) There exists a function ueL^X) such that u > 0 a.e. on X and j([(T a ΐ)ud7ii) = 0. (iii) There exists a function u e L^X) and a sequence (T n , n^l) in Σ such that u > 0 a.e. on X and Σ~=i T*u e L^X). In particular, if (T a , aeΛ) is a uniformly left Σ-ergodic net, then the following condition and the above four conditions are still equivalent:
(iv) There exists a function u e LJ^X) such that u > 0 a.e. on X and lim β ||Γ*w||oo = 0. Hence \\g\udm = 0, and thus g = 0 a.e. on JX", since u > a.e. on X.
RYOTARO SATO The implication (i) => (iii) is a direct consequence of Lemma 2, and the implications (iii) =* (ii) => (i) and (iv) => (i) are obvious. If (T a , ae Λ) is a uniformly left U'-ergodic net, then the implication (iii) => (iv) follows from Lemma 3.
The proof is complete.
3* Invariant measure for ergodίc semigroups* In this section we investigate the invariant measure problem for weakly or uniformly ergodic semigroups Σ -{T}. For this purpose we need the following decomposition, which is a generalization of Sucheston's [26] Proof. It is easy to see that there exists a nonnegative function eeL«,(X), with T*e = e for all TeΣ, such that 0 ^ ^eLoo(X) and T*u = u for all TeΣ imply suppucsupp e. Let Y = suppe and Z = X -Y. Since for every / e L,(X) and every a e Λ, TJ e co Σf, it follows that Tie = e for all aeΛ.
To prove (i), let <?eGL(J) and choose a nonnegative function u e L^X) so that </, ^> = 9*<T β /, 1» for all / e L,(X) .
Since (T a , aeΛ) is a weakly right J-ergodic net, it then follows that T*u = u for every TeΣ.
Therefore suppucsuppe=Y, and hence, for 0 ^ f eL^Z), we have inf HΓ/IL ^ liminf ||Γ α /|L ^ <f, u) = 0 , TΣ TeΣ which proves the second part of (i). The first part of (i) is a direct consequence of (ii).
In particular, if (T a , aeΛ) is a strongly right J-ergodic net, then, for each TeΣ and each This completes the proof. (ii) ==> (0): Let 0 ^ u e L^Y) satisfy Σ~=i T'*u e LJY) for some sequence (T' n , n ^ 1) in ί' = {Γ:Γe J}. Then, by Lemma 5, limsup α T*u = 0 a.e. on Γ. Since T«*u = (l/e)Γί(e^) for all aeΛ, we then observe that lim sup α Tt{eu) = 0 a.e. on X. Since e > 0 a.e. on F, this and (ii) imply u = 0 a.e. on X. Therefore, using Lemma This completes the proof.
4* Examples* In this section we apply the above general results to explain some special examples. The first two theorems are concerned with the invariant measure problem for a single operator T and the last two theorems are concerned with the problem for a oneparameter semigroup Σ -{T t : 0 < t < °o}. The proof is complete.
For a positive linear operator T on L^X) and a real number r > -1, we denote by σ
